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Estimating the Relative Free Energy of Different Molecular States with Respect to a Single
Reference State

Introduction

In principle, the difference between the free energy of a b
reference state and another state of a system can be determinelq
if the equilibrium fluctuations of the system in the reference
state are completely known. Thus there exists the possibility
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We have investigated the feasibility of predicting free energy differences between a manifold of molecular
states from a single simulation or ensemble representing one reference state. Two formulas that are based on
the so-calledi- coupling parameter approach are analyzed and compared: (i) expansion of the free energy
F(4) into a Taylor series around a reference stdte=(0), and (ii) the so-called free energy perturbation
formula. The results obtained by these extrapolation methods are compared to exact (target) values calculated
by thermodynamic integration for mutations in two molecular systems: a model dipolar diatomic molecule

in water, and a series of para-substituted phenols in water. For moderate charge redistruta), (both
extrapolation methods reproduce the exact free energy differences. For free energy changes due to a change
of atom type or size, the Taylor expansion method fails completely, while the perturbation formula yields
moderately accurate predictions. Both extrapolation methods fail when a mutation involves the creation or
deletion of atoms, due to the poor sampling in the reference state simulation of the configurations that are
important in the end states of interest. To overcome this sampling difficulty, a procedure based on the
perturbation formula and on biasing the sampling in the reference state is proposed, in which soft-core
interaction sites are incorporated into the Hamiltonian of the reference state at positions where atoms are to
be created or deleted. For mutations going fimmethylphenol to the other five differently para-substituted
phenols, the differences in free energy are correctly predicted using extrapolation based on a single simulation
of a biased, non-physical reference state. Since a large humber of mutations can be investigated using a
recorded trajectory of a single simulation, the proposed method is potentially viable in practical applications
such as drug design.

compounds or for guiding experimental planning in drug design.
For such purposes, methods that rapidly predict changes in the
inding constant of a ligand associated with specific modifica-
ons are highly sought after.

There have been several previous studies aimed at the

of using extrapolation methods to predict the relative free energy Prediction of the change in free energy associated with multiple

of different states with respect to a given reference state fro
a single ensemble or simulation. In practice, when a computer-
based molecular simulation technique such as Monte Carlo or
molecular dynamics is used to generate the relevant ensémble,

the region of configuration space that is sampled only corre-
sponds to low-energy configurations of the state that is

m Perturbed states from a single simulation. In earlier work by
this group® the first-order derivatives of the change in free
energy associated with modifications at different atomic sites
were computed from a single simulation of the reference state.
A linear combination of these first-order derivatives was then
used to approximate the total change in free energy associated

simulated. To obtain a meaningful estimate of the change in with a certain alternative state. The relative binding constants

free energy associated with a given perturbation, the ensembleOf different trimethoprim analogues with dihydrofolate reductase
generated for the reference state must overlap with that for the Were estimated using this approach. Unfortunately, the results
alternative state. For this reason, simulations of intermediate Snowed little correlation with experimental data, suggesting that

states are generally used to ensure that sufficient overlap isthe7 approximation was too crude. In later work of Smeth
achieved within a finite simulation time. When using interme- al-." the free energy as a function of the coupling parameter

diate states, each different mutation of the system requires aVas expanded into a Taylor series arouhd= 0, which

different pathway composed of intermediate states. SeparatecOrresponds to the reference state. Using a 1 ns simulation,
simulations must be carried out at a number of different the authors showed that for predicting the free energy changes
intermediate states along different pathways, each of which is @ssociated with substantial charge rearrangements of a model
computationally expensive. Thus, although free energy calcula- diatomic dipolar molecule in water, truncating the series beyond
tions have been shown to give accurate results under certainth® second- or third-order terms gave results in good agreement
circumstance$$ substantial computational cost is often associ- With thermodynamic-integration calculations. Higher-order
ated with obtaining a single number. This fact greatly inhibits derivatives, however, converged slowly. Similar approaches
wider application of this methodology. For example, free energy described earlier by Levgt al® and King and Barford can be

calculations are unsuitable for screening a large number of Shown to be equivalent to including only the first- and the
second-order terms in the Taylor serflehe approach of King

*To whom correspondence should be addressed. and Barford, based on the linear response theory, gave accurate
® Abstract published ilAdvance ACS Abstractdjay 1, 1996. estimates for the change in free energy associated with creating
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a net charge in solution. The method is, however, dependentAs the HamiltonianH(4), is a function of, the free energy of

on a simulation of a mixed state which is a linear combination the systemF, will also be a function ofi, F(1). It can be

of the two end states. The approach of Sneithal.” does not shown that the first derivative df(1) ist?

involve such restrictions and considering the significant charge

rearrangements involved in the dipolar diatomic soltt6.5 F'(4) = [BH/AL] (2)

€),” the results were encouraging in regard to the predictive

power of extrapolation approaches. However, several problemswhere [I.[] denotes an average over the ensemble at the
remained to be solved. correspondingdl value. The difference in free energy between

First, if the infinite Taylor series converges, it is formally ~the states B and A is given by

equivalent to the free energy perturbation formula using a single 1 1

window. This raises the question of whether extrapolation based ~ AF =F(1) = F(0)= [[F'(}) dA = [ DBH/0AGdA (3)

on the perturbation formula is more general and more efficient

than that based on the Taylor series expansion. Second,Formulas 2 and 3 are the theoretical foundation of the so-called
although extrapolation based on a series expansion worked wellthermodynamic-integration methé#.

for charge rearrangements, it is not clear whether it is appropriate  Formally, F(1) can also be expanded into a Taylor series at
for other types of chemical modifications, such as changes in i = 0,7

van der Waals parameters, and the creation or deletion of atoms.

Here, we show that the perturbation formula can in fact be AF(A) =F(4) — F(0) =
u;ed to accurately predict the changes in free energy associated F'l_o A+ lF"U:o 22+ lFm Lo B+ (4)
with charge rearrangement and modest changes in van der Waals 2! 3!
parameters for a range of chemically relevant mutations from a

single simulation of a reference state. The method may fail, erre the values of the higher-order derivati¥s F", ... at
however, for mutations involving the creation or deletion of 4 = 0 can be computed as averages over the ensemble of the

atoms. In these cases, configurations corresponding to low- reference staté.For example, assuming linear coupling of the

energy parts of the configuration space for the perturbed staterfamiltonian with4, the second-order derivative’is
cannot be sampled during a simulation of the reference state. Y _ 2
We demonstrate, however, that this difficulty can be overcome F"l1—0 = WoH/9A — BH/BAL) T (ke T) ®)

by the incorporation of a general biasing potential energy term .
into the Hamiltonian of the reference state. At positions where WNereke is the Boltzmann constant afds the temperature. It

atoms are to be created or deleted, soft interaction sites arelS Important to emphasize that the expansion in formula 4 is
introduced which interact with the surroundings via a modified ©nly valid for 4 values within the radius of convergence of the
Lennard-Jones 6-12 interaction which approaches a finite value Taylor Series. . L

at short interatomic distances. The introduction of such An.alternanv.e to thermodynamic integration is to compute
interaction sites extends the parts of configuration space thatthe d|ffere_nce in free energy between_ two sta{ﬂes of a system
can be sampled in the reference state such that it encompassediréctly using the free energy perturbation formtdalt can be

the parts of configuration space accessible to the system inSHOWn that

relevant alternative states. The free energy changes associated _ . .

with changing the system from the nonphysical reference state AF(4) keTIn [exp{ —[H(1) =~ H(O)/ksT}Hd  (6)

to the physical alternative states are then calculated by applying

the perturbation formula. Extrapolation methods to estimate changes in free energy from

] ) _asingle simulation can either be based on the series expansion
In this work two systems are analyzed. The first system is tormula 4 or on the perturbation formula 6. The two formulas
a model dipolar diatomic molecule in water (dipole/water are equivalent as long as the Taylor series converges. However,
system), identical to that used by Smigh al” The second  he two expressions are no longer equivalent if the series is
system consists of a series of para-substituted phenols in watekyncated at a certain term in formula 4. This is always
(phenol/water system), which has previously been the subjectpecessary in practice. By truncating the series it is assumed
of extensive thermodynamic studi¥s. Theoretical aspects of  that the free energy is a smooth functionfo&ind that higher
the calculations are summarized in the next section. Details of 5,qer derivatives, which converge slowly, are zero. The
the computations are then given. To test the methodology, gerivatives of various order are dependent on Armupling
results from application of the perturbation formula are com- scheme, that is, the chosen functional fornHgt). Thus, the
pared with those_ from th_ermodynamic-integration cak_:ulations convergence of the series or the point at which the assumption
and those obtained using a truncated Taylor series. Thejnnerent in the truncation becomes valid will depend on the
energetic and entropic contributions to the total free energy coupling scheme used. Truncation of the series implicitly
change associated with changing the dipole moment of a simplegmgoths the free energy curve. In certain cases, truncating the
diatomic molecule in water are also discussed. Taylor series will lead to better converged estimates of the
change in free energy by neglecting irrelevant but noisy higher
Theory order terms. In contrast, using the perturbation formula all

) ) higher order terms are implicitly included.
Consider the free energy difference between two systems, A ‘sing the perturbation formula the ensemble of the alternate

and B, described by the Hamiltoniahé andH?®, respectively.  gtate is extrapolated from the ensemble of the reference state.
An intermediate state with the HamiltoniaH(4) can be  Tne reliability of the results thus obtained is highly dependent
constructed such thad(0) = HA andH(1) = H®, wherel is on whether the configurations sampled at the reference state
the coupling parameter. For example, in the case of linear are representative of the ensemble as a whole. A well-known
coupling problem in free energy calculations is that low-energy regions

of the configurational space in the reference state do not
H(1) = (1 — A)H* + AH® 1) correspond to low-energy regions in the end state when atoms
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are created or deletéd.*® Thus it is to be expected that for  AU(1) = V(1)) — (V(0)g (8)
mutations involving the creation or deletion of atoms, the
relevant parts of configuration space of the system at different = V(A) exg{ [AF(A) — AV ks T} § — IV(0)

perturbed states will not be accessible to the system, and reliable

predictions of free energy changes cannot be made based on ang

single simulation. However, this is only true if the reference

state directly corresponds to a specific physical state. In TASA) = AU(L) — AF(1) 9)
principle, the difference in free energy for any perturbed state

of interest can be estimated as long as the reference state isvhere AV(1) stands foiV(1) — V(0).

defined such that the parts of configuration space sampled by Phenol/Water System. The second system considered
the system encompasses those parts which are relevant to alinvolves mutations between a series of para-substituted phenol
physical states of interest. This can be achieved by incorporat-molecules in water. Three different reference states were
ing an appropriate biasing or umbrella potential energy term investigated. The first reference state consists of pne
into the Hamiltonian of a given physical reference state. For methylphenol molecule in a truncated-octahedron box containing
the creation or deletion of atoms, a so-called soft-core interaction 544 SP8 water molecules. The setup for the simulation was
function can serve as an appropriate umbrella potential energythe same as that used by Magk all® The potential energy
term. A recently proposed soft-core interaction function has function parameters fgo-methylphenol are listed in Table 1.

the forni® Also listed in Table 1 are the parameters fBchlorophenol,
p-cyanophenol, ang-methoxyphenol, which served as alterna-
ai1_2 0? tive perturbed or end states to which the change in free energy
Vi = e 5 . oo 5 ) 5 @) was estimated. A 300 ps simulation@methylphenol in water
(oo + 1) (aoy +15) was carried out during which the Cartesian coordinates of all

atoms were recorded every 0.004 ps at a precision of aoh.
wheree; andoj have their normal meanings as in a Lennard- The estimation of the change in free energy from this reference
Jones function. The distance between atomusdj is denoted state to each perturbed state was carried out using the recorded
by rj. The parameteir determines the “softness” of the set of configurations. For this estimation, only interactions
interaction. The interaction is referred as soft, as unlike the involving perturbed atoms need to be determined for each
normal Lennard-Jones interaction, the interaction energy in configuration. Thus this approach is computationally much
formula 7 approaches a finite value as approaches zero. more efficient than repeating the entire simulation for each
Placing soft-core interaction sites with an appropriatealue different mutation. In the free energy estimation step, the atomic
at locations where atoms are to be created or deleted acts tecoordinates of a new substitution group were generated for each
penalize configurations without any cavity at those sites, while time frame using standard geometries for the chemical moieties,
still permitting solvent molecules to occasionally occupy these While interactions involving the old substitution group were
locations. The free energy difference between a physical stateswitched off. Three alternative physical perturbed states were
and the nonphysical reference state can be calculated using th€onsidered in which the-CHs group was perturbed into either
perturbation formula 6, and the free energy difference betweena —Cl group, a—CN group, or a—OCHs group. The change
the different physical states themselves can then be calculatedn free energy to each end state was calculated using the Taylor
by constructing thermodynamic cycles. series truncated beyond the fourth-order derivative and using
the perturbation formula (formula 6).
] ] To examine in more detail the process of the creation and
Computational Details deletion of atoms, two additional perturbed states not considered
by Mark et al1® were also investigated. In the first theCHs
Dipole/Water System. The dipole/water system used is the group of p-methylphenol was mutated to a dummy atom. In
same as that used by Smigh al” The system consists of @  the second the-CHs group was not changed but an additional
dipolar diatomic molecule in a box containing 510 SPC/E  _CH; group was created at the position corresponding to that
water molecules. The two atoms of the molecule have the samegf the methyl group inp-methoxyphenol. In addition to
Lennard-Jones interaction parameters as the oxygen atoms oga|culating the change in free energy associated with the
the surrounding water molecules and bear opposite chargesmytation fromp-methylphenol to each of these two perturbed
(£0.25¢€). They are separated by a rigid bond of length 0.2 states using both formula 4 and formula 6, these two end states
nm. Parameters used in the simulation were the same asyere used to investigate the effect of using nonlinear coupling
described by Smitlet al” Two perturbed states were consid-  schemes for the Lennard-Jones interaction on the accuracy of
ered. In the first perturbed state corresponding t 1, the  predictions based on a series expansion. The linear coupling
sign of the charge on each of the two atoms is inverted. For scheme was compared with a soft-core coupling scheme in

this mutation, the change in free enerd¥(1) is zero as the  which the Lennard-Jones interaction between atom pairs had
reference and the perturbed states are equivalent. In the seconghe form

perturbed statel, = —1, the charges on each atom are increased

to £0.75e. Thus the states= 1, 0.5,—0.5, and—1 correspond o2 o°
to inverting, eliminating, doubling, and tripling the dipole V:IJ(A) =4(1— A)e, 5 6A i 5 GA 5
moment, respectively. (ah%op +17)°  (hop +17)

A 500 ps simulation of the reference state € 0) was oéz Gg
performed during which the molecular configurations were 4heg > G o G . 10)
recorded every 0.004 ps. The change in free energy for values [o(1 = A)og + 1] [l —A)0p +17]

of A between—1 and 1 was then calculated using formula 6.

The energetic contributioU and the entropic contribution  Other nonlinear coupling schemes have been suggested for
TAS to the total free energy change were also calculated aschanging the Lennard-Jones parameteiscluding separate
functions of using coupling of e and o or a A" (n > 1) dependence of the
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TABLE 1: Force Field Parameters Used for Q 7
Para-Substituted Phenol&°a _ y =
Nonbonded Interaction Terms E o s g =
[CliI 2> [Cudi.)]29 2
partial  (kcal mor?  (kcal mof? = d
compd atom charge € Ag)r2 A2 7 8-’/
phenol  H1 0.398 00 0 SN
o1 —0.548 23.25 421/600 "% '/ /
c1 0.15 23.65 898 2 ofy /
C2,C3,C5,C6 0.0 36.30 1901 < Y
Cc4 c 23.65 898 4 :
substituent -1.0 -0.5 0.0 0.5 1.0
p-Cl cl —-0.14 57.44 5055.0 A
p-CH3 Ch 0.0 46.06 2500 Figure 1. Extrapolation (formula 6, solid line) and target thermody-
p-CN N —0.368 2413 636/900 namic integration (dashed line) change in free enexg(i) = F(1) —
c 0.184 23.65 898 F(0) as a function of. for the dipole/water system. The extrapolation
p-OCH;  CHs 0.18 46.06 2500 energetic AU(1), formula 8, dotted line) and entropitAS4), formula
o —0.36 23.25 421/600 9, dot-dashed line) contributions are also shown. Extrapolation values
Bonded Interaction Terms are obt.alned by applying the pertU(batlon.formuIa 6 to a 500 ps
simulation atA = 0. The target data is obtained by thermodynamic
Ko integration using the first-order derivatives calculated from simulations
compd bond (kcal moi* A-2) bo (A) at different/ values by Smittet al.”
phenol c-C 1000 1.39
Ci1-01 900 1.36 which will be referred to a&,, again three soft interaction sites
O1-H1 750 1.00 were included, the first, as i, replacing the-CHs group of
p:ng gi:g'H 288 igg p-methoxyphenol, the second and the third placed at positions
E_C,\f Cag 900 142 corresponding to the nitrogen atom pyanophenol and the
C=N 1200 1.125 chloride atom of-chlorophenol, respectively. Theparameter
p-OCH;, C4-0 900 1.36 in formula 7 was set to 0.6. There was no charge on the soft
O—CH;, 600 1.43 atoms. The bonded interactions were taken equal to those of
Ko the corresponding physical states. Where necessary, dummy
bond angle (kcal mol*rad?) 6o (deg) atoms with only bonded interactions were added to link the soft
phenol c-Cc-C 100 120.0 atoms to the phenol ring. The change in free energy associated
c-C-01 100 120.0 with going from each of these two nonphysical reference states
C-01-H1 95 109.5 to each of the five perturbed states of interest mentioned above
C-Ca—X 100 120.0 as well as to th@-methylphenol reference state were estimated
p-CN Ca-C=N 120 180.0 b lying th turbation formula (formula 6) to a 300 ps
pOCH3  C4-O—CHs 80 120.0 y applying the perturbation formula (formula 6) P
e e e i, e
dinedralangle _ (kcal mol ™ rad™) So(deg) and S, For comparison, the 300 ps simulation @imethyl-
phenol cCc-Cc-C 40.0 0.0 phenol in water was also used to estimate the change in free
g:gfccigc 38'8 8'8 energy going fronp-methylphenol to bottg, and S,.
- ' . To obtain reference or target values for the change in free
dihedralangle  K,(kcalmol®) o (deg) n energy against which extrapolation values using a single
phenol C-C-01-H1 1.7 180 2 simulation could be compared, full thermodynamic integration
p-OCH;  C3-C4-O—CH3 17 180 2 calculations were also performed for the mutations pef

methylphenol intg-chlorophenolp-cyanophenolp-methoxy-
phenol, and the two states used to investigate the effect of the
creation or deletion of atoms. Simulations were performed at
1{1)]"4C1().))]*% The Lennard-Jones parameters for Cl atom cor- 1015 2 values between 0 and 1. Linear coupling was used.
respond to values for the Chnion in the GROMOS force fielf,which At each/ value, F'(1) was computed according to formula 2

lead to larger van der Waals radius for the Cl atom than the parameters . i . .
used by Market al® ¢ To mimic the effects of hydrogen bonds, the USiNg 5 ps equilibration followed by 50 ps samplingF(4)

Cy12 parameters of polar atoms were increased for hydrogen bond donorwas obtained by numerical integration using the trapezoidal
and acceptor pairs. This is the second value in this coldrihe method. In the calculations presented here, contributions to the
charge on the C4 atom was opposite that of the para-substituent sochange in free energy arising from changes in bonded interaction
that a neutral group was obtained. terms have, for simplicity, not been included. For this reason
the calculated values from Maskt all® cannot be compared

Hamiltonian. However, the first-order derivatives will be zero directly o th ; lati d th q e int "
at 1 = 0 using these schemes. This makes them less suitable Iréctly to the extrapolation an ermodynamic integration
For an approximate method, this

for use in extrapolation procedures based on a Taylor seriesvalue.s. pr.eser.‘te.d hgre. L
expansion, as the results are determined by higher-orders'mp"f'cat'on is justified as these contributions can largely

derivatives which converge slowly. cancel within a thermodynamic cycle.

Simulations of two nonphysical reference states were also
carried out. In the first, which will be referred to &g three
soft interaction sites, one replacing th€CH3z group of the Dipole/Water System. The change in free energy associated
p-methoxyphenol, the other two corresponding to the oxygen with increasing or inverting the dipole moment of the diatomic
atom of p-methoxyphenol and the-CH; group of p-methyl- solute of the dipole/water system as a functiorl & shown in
phenol, were used. In the second nonphysical reference statefFigure 1. The numerical results are listed in Table 2. The

aThe interaction function is described in ref Pd.ennard-Jones
parametersCe(i,j) and Cio(i,j) were obtained using the following
combination rules: €i,j) = [Ce(i,))]*2* [C 6(j,j)]¥? and Gafi,j) = [C

Results and Discussion
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TABLE 2: Free Energy Changes (in kJ mol) Associated 50
with the Process of Charge Rearrangement of a Model
Dipolar Diatomic Molecule in Water L;/ A=05
o 10 -05 0 05 10 0 r=10
target values 5 S B
thermodynamic integratién —109.97 —36.78 0 9.97 0.09 £ 50 r=-05
extrapolation valués =
Taylor expansion of ordér Y .V,’:'v“‘_—_j_i _
1 —41.63 —20.82 0 20.82 41.63 -100 { 1o
2 —97.44 —-3477 0 6.87 —14.17
3 —119.54 —37.53 0 9.63 7.93 150
4 —117.35 —37.40 0 9.77 10.12 -
5 ~10132 —36.90 0 9.27 -5.91 0 100 200 300 400 500
perturbation formula time  (ps)
—93.0 -359 0 95 54 Figure 3. Convergence of the extrapolated change in free energy for

the dipole/water system. The values are obtained using the perturbation
formula 6 (solid lines). Foii = —1, convergence of the extrapolation
change in free energy based on the Taylor series truncated beyond the
second order is also shown (dashed line).

@ Charges on the two solute atoms wet@.75e (1 = —1.0), £0.5
e (1 = —0.5),+0.25e (4 = 0), 0 @ = 0.5), andF0.25¢e (1 = 1.0),
respectively® Taken from Smithet al” They were obtained by
thermodynamic integration using the first-order derivatives calculated

from simulations at nine different values and using numerical
integration.© In the rows labeled 15 the extrapolation results obtained the target values and approaches a constant value. The

using the Taylor series truncated beyond terms of the corresponding€Xtrapolation second-order derivative approaches zero. Smith
order (taken from Smittet al?) are listed. The derivatives were et al’” pointed out that the second-order derivative represents
computed from a 1 ns simulation at the reference state0. In the the change of the ensemble with One way to interpret
last row the extrapolation results obtained by directly applying the formula 6 is to consider the ensemble at differéntalues as
perturbation formula to a 500 ps simulation at the reference state being extrapolated from the ensemble sampledl &0. The

0 are listed. ensemble at a givehvalue is obtained by changing the relative
200 weight of each configuration sampled/at 0 in proportion to
= exp{ —[V(A) — V(0)J/ksT}. When the deviation from the
= reference state is large, the extrapolated ensemble will be

E dominated by a small number of configurations for which the

5100 1 : T ot X .

£ weights are significant. As the dominating configurations do
change little with4, the extrapolation second-order derivative

<
kel
L , \’&,_ approaches zero.

—— Because the extrapolated ensemble becomes dominated by a
= small fraction of the configurations sampled, the extrapolation
change in free energy is subject to serious statistical uncertainty
.1001 5 s 00 Y o when the deviation from the reference state is large. This is

demonstrated in Figure 3, which shows the convergence of the
_ _ o A _ extrapolation change in free energy as a function of the length
Figure 2. Extrapolation (solid line) and target (crosses) first-order  of the simulation. The values are obtained using the perturbation

derivatives of the free energy with respectiidor the dipole/water ¢y 13 6. The most significant feature of these plots is the
system. The extrapolation data are obtained by numerical differentiation ’ . . .
sudden decrease of the extrapolation values at various time

of the extrapolatiom\F (1) (formula 6). The target data is taken from ; . . ¢
Smithet al’ points. These points correspond to times at which a new

configuration is sampled, for which thé — Va value is much

dashed line in Figure 1 corresponds to the target thermodynamic-smaller than those previously sampled. Once sampled, the new
integration values. This curve was computed using the deriva- configuration dominates the ensemble average. Bedaise
tives taken from Smittet al” obtained by performing simula-  Va is proportional to the deviation df from zero, the sudden
tions at nine differenf values. In Table 2, the extrapolation drops are magnified as the deviation increases. For comparison,
values from Smithet al, which were calculated using the the convergence of the change in free energy for —1
truncated (beyond the first to beyond the fifth order) Taylor extrapolated using a Taylor series truncated beyond the second
series] have also been included. Extrapolation based on a singleorder is also included in Figure 3. Because the first-order
1000 ps simulation using the truncated (beyond the third order) derivative of the free energy with respectités the average of
Taylor series and extrapolation based on a single 500 psVs — Va (formula 2) and the second-order derivative is
simulation using the perturbation formula are both able to proportional to the fluctuation o¥/s — Va (formula 5), the
reproduce the change in free energy obtained from thermody-ensemble averages of these terms converge much faster than
namic integration in the range= —0.5 toA = 0.5. Outside the change in free energy based on application of the perturba-
this range, extrapolation based on applying the perturbation tion formula. However, the ensemble averages of higher-order
formula yields a too large free energy difference while that based derivatives converge extremely slowlyAs the deviation from
on the truncated Taylor series gives oscillating results upon the reference state increases, the Taylor series itself also
including derivatives of increasingly higher order (Table 2).  converges more slowly. This is evident from the oscillation of

The first-order derivative oAF(1) with respect tol was the extrapolated values upon the inclusion of higher-order
obtained as a function df by taking the numerical derivative  derivatives in the series (Table 2).
of the curve AF(1) generated by applying the perturbation From the 500 ps simulation at= 0, the extrapolation change
formula. The resulting curve is shown in Figure 2 together with in free energy as a function éfwas partitioned into an internal
the target derivatives directly calculated from simulations at energy contribution and an entropy contribution. The results
differentA values’ For 2 values outside the range0.5 to 0.5, are included in Figure 1. Itis well-known that it is more difficult
the extrapolation value of the first-order derivative deviates from to obtain accurate relative entropies and internal energies than
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__ 100 . TABLE 3: Free Energy Changes (in kJ molt) Associated
s o with Modifications of the —CH3 Group of p-Methylphenol in
2 g0l ' Pl Water
§ //I CHs CHs
S- 60 | / | mutation CHto Cl to CN to OCHs
23 / target values
I 40 i / ; thermodynamic integration 17.1 -95 8.0
5 L / extrapolation valués
k) 20 \\ / | Taylor expansion of order
: ./ 2 11X 10 16100 5o 10
g AN __/ —1.1x —1.6x —5.9x
;. o 3 11x 16 17x 10  19x 104
| : )b ' ' 4 —-1.7x 10" —2.1x 10'° —6.9 x 10%
) o ) ) perturbation formula
Figure 4. Standard deviations over five values of the extrapolation reference state
change in free energy (solid line), energetic (dashed line), and entropic —CHz: a.=0.0 15.8 —-7.2 26.4
(dotted line) contributions for the water/dipole system, calculated by -S; a=0.6 17.7 —-51 4.7
partitioning the simulation into five 100 ps blocks. -S: =0.6 17.4 —6.0 7.5

to obtain accurate relative free energies. To estimate the relative __ 1he target values were obtained by thermodynamic integration
using simulations at 10 to 15 differert values and numerical

magm_tUde of the error_s_ 'nVOh{ed 'n_ the eXtrapma_t'ons'_the 500 integration. In the rows labeled 44 the extrapolation results obtained
ps trajectory was partitioned into five 100 ps trajectories, and ysing Taylor series (expanded arouhe- 0) truncated beyond terms
the standard deviation for each of the averaged quantities wasof the corresponding order are listed. The derivatives were calculated
calculated. The results are shown in Figure 4. At different  from a 300 ps simulation of the reference sgat@ethylphenol in water.
values, the standard deviations of the extrapolation internal In the bottom three rows extrapolation results obtained by applying
energy and entropic contributions are always an order of the perturbation formula to 300 ps simulations of three different

maanitude larger than that of the extr lation overall chan reference states are listed. The extrapolation results obtained by
agnitude larger tha at of the extrapolation overall change applying the perturbation formula and thermodynamic cycles using the

in free energy. Nevertheless, the shape of the extrapol&iéh 300 ps simulations of the non-physical reference stagemn8 $ in
curve in Figure 1 is of particular interest. The curve is expected which the van der Waals interactions between certain atoms were
to be symmetric by inversion about the lidie= 0.5. Clearly, computed using (7) witlk = 0.6 as described in the text are indicated
the values for larger changesirare not reliable. However, at by S and $, respectively.

A = 0.25, the extrapolatiomAS value is ca—9 kJ mol! and

the standard deviation is ca. 3 kJ mbl Starting from the point 80 £
A =0 and increasing, the entropy of the system will initially 60 ¥
decrease, while the change in internal energy will be relatively _
small. Physically this process corresponds to a reduction of E 0
the dipole moment of the diatomic solute. This decrease in 2
entropy is consistent with the belief that the hydration of a < o0l
nonpolar solute is entropically unfavoured. Fbrgoing to %
negative values, the polarity of the solute is increased further, 0 +
and the entropy of the system passes through a maximum before
it decreases again. The overall change in free energy remains 20
negative, resulting from the negative change in internal energy 0.0 0.2 0.4 0.6 0.8 1.0
which then dominates. A
Phenol/Water System with Physical Reference StateThe Figure 5. Extrapolation (solid line) and target (crosses) first-order
differences in free energy associated with changingeth- derivatives of the change in free energy associated With' changing
ylphenol to p-chlorophenol,p-cyanophenol, ang-methoxy- p-methylphenol intop-chlorophenol in water. The extrapolation data

. . . . is obtained by using a 300 ps simulationppfethylphenol in water,
phenol in water were extrapolated using the 300 ps simulation ., the perturbation formula 6 and numerically differentiating the

of p-methylphenol in water and are listed in Table 3, together resulting AF(4). The target data is computed from 50 ps simulations
with values obtained from full thermodynamic-integration at the corresponding values. The error bars for the target data are

calculations. shown as standard deviations calculated by partitioning the simulation
For the two cases in which the end states do not involve the into five 10 ps blocks.
creation of a bulky methyl groupp{chlorophenol andp- created at a position where no cavity exists in any of the sampled

cyanophenol), the values obtained by applying the perturbation configurations. The same effect is observed when a methyl
formula to thep-methylphenol ensemble and the results obtained group is added tg@-methylphenol. The extrapolation change
by thermodynamic-integration calculations agree within 2.5 kJ in free energy deviates from the target thermodynamic-integra-
mol~t. Figure 5 shows the extrapolation values of the first- tion value by 16.7 kJ mol (Table 4). Conversely, when the
order derivative ofAF(1) along with values determined from  methyl group of p-methylphenol is deleted, the sampled
simulations at differenf values for thep-chlorophenol case.  configurations always contain a cavity at the methyl group
The agreement within the entiferange from 0 to 1 suggests position and thus cannot be used to represent the ensemble of
that the configurations sampled during the 300 ps simulation the end state. Consequently, the extrapolation change in free
of p-methylphenol { = 0) can effectively be used to represent energy deviates from the expected value by 7.1 kJ #{@lable
an ensemble appropriate fprchlorophenol { = 1) or for any 4). The extrapolation change in free energy associated with
intermediatel value. the deletion of the methyl group as a functionta shown in
When the methyl group is changed into a methoxy group Figure 6, together with the change in free energy calculated
the extrapolation change in free energy deviates from the value using thermodynamic integration. Significant deviation between
obtained by thermodynamic integration by 18.4 kJ Th¢Table the extrapolation and the thermodynamic-integration values
3). This is due to the fact that a new methyl group is to be occurs only asl approaches 1. This is a consequence of the
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TABLE 4: Free Energy Changes (in kJ mol) Associated
with Changing the Methyl Group of p-Methylphenol into a
Dummy Atom and Adding a Methyl Group to
p-Methylphenol

modification CHtodummy CHtoCH;+ CHs
target values
thermodynamic integration 5.7 7.1
extrapolation valués
Taylor expansion truncated
beyond the second order
hard core:a = 0.0 155 —4.0x 10*
soft core: oo = 0.1 14.5 —1209.4
soft core: o =0.5 10.6 20.6
perturbation formula
reference state
—CHz aa=0.0 12.8 23.8
—-S: a=0.6 8.3 5.4
-S: a=0.6 6.4 4.6

2The target values were obtained by thermodynamic integration
using simulations at 13 differerit values and numerical integration.

J. Phys. Chem., Vol. 100, No. 22, 1996491

TABLE 5: Free Energy Differences (in kJ mol~1) between
the Nonphysical Reference States with Soft Atoms and the
Five Physical States for the Phenol/Water System

Xa Fx — F2 Fx — F¢ |AAF|d
S —9.53 0.28
S 9.25 0.28
CHs; 29.68 20.83 0.46
Cl 47.42 38.27 0.24
CN 24.60 14.83 0.38
OCH; 34.38 28.31 3.32
dummy 38.00 27.20 1.41
CH;+ CH;s 35.04 25.43 0.22

@ The physical statesy(= 0.0) are indicated by the corresponding
substitution groups at the para site of the phenol fr@alculated by
applying the perturbation formula (6) to the 300 ps simulation of the
S, state (¢ = 0.6). ¢ Calculated by applying the perturbation formula
to the 300 ps simulation of the, State (¢ = 0.6). ¢ Absolute residual
free energy from the three-member cycles XS, < S — X: |AAF|
=|Fx—Fa) T [(Fa— Fo) = (Fo — Fa)l/l2 — (Fx — Fu)|. For X=
CHs, Fx — FaandF x — F , are replaced by the average values of the

P The next three rows list extrapolation values based on the Taylor seriesextrapolation using the corresponding physical and non-physical

truncated beyond the second order.
between the Hamiltonian antdwere used (eq 10): hard core &

0.0) and soft coreof = 0.1 anda. = 0.5); the extrapolation results of
applying the perturbation formula were obtained as described in the
footnote of Table 3.

15
N
—_ -
S 10 7 \
= 4 \
53 //
g
2 /
T 5
<
0 —
0.0 0.2 0.4 0.6 0.8 1.0
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Figure 6. Extrapolation (solid line) and target (dashed line) change
in free energy as a function df associated with the deletion of the
methyl group ofp-methylphenol. The extrapolation data is obtained
by using a 300 ps simulation pfmethylphenol in water and applying
the perturbation formula 6. The target data is obtained by thermody-
namic integration calculation using simulation at 13 differerntlues

and numerical integration.

linear coupling scheme in formula 10 fer = 0, in which
significant shrinking of the effective van der Waals radius of
the methyl group takes place only whéns very close to 1.
The contribution from the cavity term to the total change in
free energy is, however, about 7 kJ miah this case and cannot
be neglected.

Different coupling schemes reference states.

30

(kJ/mol)

extrapolated AF

10
(kd/mol)

20

target AF
Figure 7. Deviation of the extrapolation from the target change in
free energy associated with changing the methyl group-ofethyl-
phenol into different substitution groups. Extrapolation values are
obtained by applying the perturbation formula to 300 ps simulations
of three reference statep:methylphenol in water (stars). &quares),
and $ (triangles).

encouragingd. In practice, extrapolation based on the application
of the perturbation formula is the easier to implement. It is
also more general in that it can deal with small changes in the
van der Waals radius (or excluded volume) of a solute, cases
where extrapolation based on the truncated series clearly fails
when using linear coupling. However, using the perturbation
formula, it is not possible to accurately calculate the change in
free energy associated with the creation or elimination of atoms
based on a single simulation of a physically meaningful
reference state.

In all cases investigated using the phenol/water system, the Phenol/Water System with Nonphysical Reference State.

Taylor series with linear coupling does not converge (Tables 3 The change in free energy associated with the mutation of the
and 4). Thus extrapolations based on the series expansion ar@henol/water system from each of the two nonphysical reference
unreliable. In principle, the convergence properties of the Taylor states to different physical end states was calculated by applying
series can be affected by changing thelependence of the the perturbation formula. The end states investigated include
Hamiltonian. Therefore, the reliability of extrapolations based p-methylphenolp-chlorophenol p-cyanophenol, and the two

on a truncated Taylor series is potentially dependent on the states involving addition or deletion of a methyl group to or
coupling scheme. In Table 4 we include the extrapolation values from p-methylphenol, respectively. The results are listed in
based on the Taylor series truncated beyond the second ordefTable 5. In order to compare the results directly to the values

and with a soft-core interaction in thiedependent Hamiltonian,
e.g.,formula 10. Two differenti-parameter values were used
in the soft-core interaction. The extrapolation change in free
energy is highly dependent on the value of the parameter
and thus hardly useful.

obtained using-methylphenol as a reference state, the changes
in free energy have been converted to free energies relative to
p-methylphenol by constructing thermodynamic cycles. The

results are included in Tables 3 and 4. Figure 7 illustrates the
degree of agreement between the change in free energy

For processes that involve only charge rearrangement, thecalculated using thermodynamic integration and that extrapolated

range over which both extrapolation methods are valid is quite

using the perturbation formula and simulations of only the
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reference states. Using the nonphysical reference states, the\F = Fg — F, =

accuracy of the extrapolation change in free energy for processes +o0

involving creation or deletion of atoms is dramatically improved. —kgTIn [~ exp(-AViksT) pa(AV) d(AV) (12)
This is achieved with little effect on the accuracy of the

remaining values. The probability densities of the B and A states are not

The effect of the chosen soft-core interaction teom~0.6) independent. Rewriting the expression j(AV) _SUCh that
on the sampling has been checked by inspecting the distributionitmz Zﬁegg?ac’\e/egf mg Sr?ssgrr:lgllee (;)fft:ée ABstztf(eteitlizatrr]ak?:f;:?vsg
of the minimum water to soft-core site distances occurring in that 9 ’
the simulations. The results (not shown) indicate that the water
molecules can indeed diffuse into and out of the soft-core AV) =

= pa EXP[AF — AV)/ 13
regions, extending the configurational space accessible to the Pa(AV) = pa eXPI( WeT] (13)

system relative to the unbiased simulation. The probability density function of the B state can either be
The free energy difference between the two nonphysical statescalculated directly from the configurations sampled in the B
was also estimated by applying the perturbation formula. The state (observed) or be calculated using the configurations
values were 9.25 aneét9.53 kJ mot? for the mutations from  sampled in the A state via formula 13 (extrapolated). If the
Sato § and from g to S, respectively. Taking the average of configurations sampled in the A state and those sampled in the
the two extrapolation values as the free energy difference B state represent the same part of the configuration space, the
between these two states, the residual free energies resultingesults should be equivalent. The same will also be true for
from the three-member cycles, S X — S, — S, where X the probability density function of the A state.
stands for one of the five physical phenol/water states, were Figure 8 a-c shows the observed and extrapolated probability
calculated. Results are listed in Table 5. The small residual densities. Each pair of the three simulated stapesi¢thyl-
free energy differences together with the good agreement with phenol in water, § S;) has been taken as the A and B states,
results from the thermodynamic-integration calculation suggest respectively. The configuration spaces sampled in the two
that the results are not sensitive to the precise nature of thenonphysical states,Sand § are almost identical and the
biasing potential. Importantly, the incorporation of the soft- €Xtrapolated and observed probability density functions agree
core interaction sites does not appear to significantly increaseWell (Figure 8a). They both encompass the accessible con-
the time required for adequate sampling. This suggests thatfigurational space of the system in tpemethylphenol state.
the diffusion of water molecules into and out of the soft-core 1he extrapolated probability density functions of geneth-
region, which samples the extended part in the configurational Y/Phenol state using either of the two simulations of the

space, is fast relative to other processes that contribute"ONPhysical states agree with the same functions calculated
configurations to the ensemble directly from the simulation op-methylphenol (the dashed lines

. . .__and the solid lines in the left part of Figure 8b,c). However, it
For completeness, the free energy associated with changlng1S obvious that the configurational space sampled in the

p-methylphenol into each of the two nonphysical states has alsOgjmjation of p-methylphenol is far less extensive than that
been calculated using the 300 ps simulatiopofiethylphenol  gampjed in the simulation of the two nonphysical states. The
in water. The results are-29.59 kJ mof* for changing  preqicted probability density functions of the nonphysical states
p-methylphenol to § and —19.33 kJ mof* for changing  sing the simulation of-methylphenol (the dashed lines in the
p-methylphenol to § Comparing these values with the relevant right part of Figure 8b,c) are localized, while the probability
values listed in Table 5 for the reverse mutations, a very small density functions directly calculated from the simulations of the
hysteresis, of 0.09 kJ mof for the mutation to $and of 1.50  nonphysical states (the solid lines in the right part of Figure
kJ mol* for the mutation to § is found. However, the  8pc) extend to very large/g — Va) values. However, as in
configurational space accessible to the system involving eitherthe ensemble average in formula 6 or formula 12 each
S, or & is clearly larger than that accessible to tpe configuration is weighted by the factor x¢p(Vs — Va)/ksT},
methylphenol system. the extended part of the probability density functions of the
To understand this small hysteresis despite the fact that thenonphysical states contribute little to the total change in free
respective configurational spaces do not fully overlap, the €nergy relative top-methylphenol. This explains the small
probability density functions oAVga = (Vg — Va) for the hysteresis_observed.
different reference states were examined. The probability ~Comparing formulas 12 and 13, we see that &gksT) may
density function in the A state can be written as an average e viewed as a normalization factor in the transform of the

over the ensemble of the A state, ensemble in the A state into the ensemble in the B state by
weighting each configuration with ekp(Vs — Va)/ksT}.
pa(AV) = B(AVg, — AV)TL (11) Because\F appears in the exponential part, any uncertainty in
A BA

the normalization factor, which depends on the overlap of the

) ] ) ) ensembles of the reference and end states, will be reduced when
whered(x) is the Dirac delta function. The equivalent prob-  yangjated into the uncertainty in the extrapolation change in
ability density function in the B state can also be written as a frge energy. Thus, a crude estimate of a change in free energy
similar average over the ensemble of the B state. As pointedcgn pe easily obtained by applying the perturbation formula
out by Smithet al.,” if this probability density function for either  ysing limited simulation time. However, as the length of the
of the two states A and B is completely known, all higher- simulation increases, the uncertainty in a calculated change in
order derivatives of the free energy can be computed and thefree energy will only decrease in proportion to the logarithm
free energy difference between the two states can be calculatedf the decrease in the uncertainty of a distribution function. This
using the Taylor series, provided that the series converges. Giverfact means that improvement in accuracy comes at considerable
the probability density function, the total free energy difference computational expense. This is demonstrated in Figure 9, which
can also be calculated by applying the perturbation formula. In shows the dependence of the standard deviation of the difference
this case formula 6 can be simply written as (assuniirg 1) in free energy between the stategsehd 3, calculated using
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a0.20 used in this analysis. Irrespective of the size of the window,

the starting points for each window were chosen at 60 ps

intervals. This made the data in each window as independent
as possible. Figure 9 shows that the standard deviation initially
decreases rapidly as the length of sampling is increased, but
after the window size has reached 5 ps it remains unchanged
despite an extension of the sampling by a further order of

magnitude.

The dependence of accuracy on sampling time is different
J o, ) for derivative-based methods such as thermodynamic integration.
° 10 A 2% As pointed out by Smitlet al.,” truncating the Taylor series at
AV =Vs-V, (kJ/mol) various orders is equivalent to replacing the probability density
function of AV with a smooth function. The new function gives
the same corresponding lower-order momentsAdf as the
ones calculated from the simulation, but gives zero higher-order
moments. Itis this implicitly implemented smoothing procedure
that distinguishes the Taylor expansion formulas from the direct
application of the perturbation formula. In practice, simulation
time is always finite. The sampled ensemble contains noise as
well as systematic errors due to incomplete sampling. The
perturbation formula results always reflect all sources of noise
and error. Thus, although in the current context, where the aim
is to obtain crude estimates for the change in free energy
associated with a large number of mutations from a single

AV =Vg-Va (kJ/mol) simulation, the application of the perturbation formula is overall

more general and more efficient than extrapolation based on a

c Taylor expansion, this does not mean that the application of
the perturbation formula will yield the better estimate in all
case$. It also does not mean that in free energy calculations
using a series of intermediate states the use of the perturbation
formula is necessarily preferable.

Conclusions

For the purpose of predicting changes in free energy from a
single simulation, extrapolation based on applying the perturba-
tion formula is overall more general and more efficient than

AV=Vg-Vu (kJ/mol) extrapolation based on a Taylor series expansion. It has been
Figure 8. Probability density functiong(AV). The pair of lines in  Shown that by directly applying the perturbation formula, results
the right part of each figure correspondsetpand the pair of lines in comparable to those from thermodynamic integration calcula-
the left part corresponds f&. The solid curves are computed directly  tions using multiple intermediate states can be obtained for
;g?muﬁgigssimﬂﬁi?ﬁguﬂd rtr?l)eoldsaisrﬂi?ga?g;vtiz f‘trﬁeel’i(;rea?so'c?gfgn‘f&”gmutations involving moderate charge rearrangements and changes
(either directly or using forn){ula 13) from a simulation of the A state, n atpm type. Ithas also been Sh_own that the range of poten_tlal
while a line with symbols indicates that it is obtained from a simulation modifications (_:an_ be extended t_o In_clude the creation or deIer_n
of the B state. (a, top) A state S, B state= S; (b, middle) A state of atoms by biasing the sampling in the reference state. This

= S, B state= p-methylphenol; (c, bottom) A state S, B state= can be achieved by the inclusion of soft interaction sites at
p-methylphenol. positions where atoms are to be created or deleted. As has been
3 ' stated previousl§,” extrapolation methods based on a single
simulation have the advantage that a large number of potential
modifications can be investigated with a single calculation.
g Furthermore, as the extrapolation is based on an unperturbed
5 2 ensemble the nature of the perturbation does not have to be
- predefined. Thus, predictions for specific mutations can be
S efficiently obtained by reanalysis of existing trajectories. There
g 1 are of course limitations on the mutations that can be treated
© using this approach. The method is only proposed as a means
h of obtaining estimates for the difference in free energy for a
0 wide range of derivatives of a reference compound rapidly from
0 20 40 60

a single simulation. It is not a replacement for free energy
calculations in general. Nevertheless, considering the scope of
Figure 9. Standard deviation of the calculated free energy differences the modifications treated in the test examples we feel that the
between the Sand the $states using five blocks of data from the 300 approach could hold considerable promise for use as a rapid,
ps simulation of the Sstate, as a function of the length of each block. nonempirical means of screening large numbers of compounds
five independent windows extracted from the trajectory, on the to guide experimental planning in drug design, a task not
size of the window. The 300 ps simulation of thestate was practical using normal free energy calculations.

block length  (ps)
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