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ABSTRACT: The ability to determine the free energy of solvation for a
number of small organic molecules with varying sizes and properties from the
coordinate trajectory of a single simulation of a given reference state was
investigated. The relative free energies were estimated from a single step
perturbation using the perturbation formula. The reference state consisted of a
cavity surrounded by solvent. To enhance sampling a soft-core interaction was
used for the cavity. The effect of the size of the cavity, the effective core height,
and the length of simulation on the ability to reproduce results obtained from
thermodynamic integration calculations was considered. The results using a
single step perturbation from an appropriately chosen initial state were
comparable to results from thermodynamic integration calculations for a wide
range of compounds. Using a large number of compounds the computational
efficiency was potentially increased by 2]3 orders of magnitude over traditional
free energy approaches. Factors determining the efficiency of the approach are
discussed. Q 1999 John Wiley & Sons, Inc. J Comput Chem 20: 1604]1617,
1999
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Introduction

he free energy of a system is the most funda-T mental of all thermodynamic quantities, and
methods to calculate free energies from computer
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simulations have attracted much interest. In many
fields the knowledge of relative free energies is of
direct practical significance. For example, in ratio-
nal drug design the binding affinity of a com-
pound to a specific target is directly related to the
free energy difference between the solvated com-
pound and the compound]target complex. More
generally, any force field used for condensed phase
molecular simulations should correctly reproduce
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HYDRATION FREE ENERGIES

not only properties such as the density or heat of
vaporization, but also entropic properties such as
solvation free energies. Unfortunately, the high
cost of computing free energy differences has pro-
hibited the widespread use of such calculations in
many fields.

Ž .Calculating the absolute free energy F is not
possible for all but the simplest of systems because
it requires the knowledge of the canonical partition
function Z: F s yk T ln Z, where k is the Boltz-B B
mann constant and T is the temperature. Never-
theless, there is a wealth of methods1 that can be
used to calculate relative free energies, which are
free energy differences between two states, from
computer simulations. All of these methods are
based on one of two fundamental approaches: the
difference in free energy is determined from either
the work required to transform the system from
one state into another or the relative probabilities
of finding the system in either of the two states.

The most general approach to estimate free en-
wergy differences, thermodynamic integration TI, see

Ž .x2eq. 2 belongs to the first category. Two states
are connected by an arbitrary coupling parameter
l, and the work required to force the system to go
from one state to the other via a reversible path is
determined. TI is highly reliable, but the approach
is very computationally intensive because it re-
quires that equilibrium simulations be performed
at a series of intermediate states. To scan large
numbers of compounds in computer-aided drug
design or to test various sets of parameters in force
field development is not viable with this tech-
nique.

Therefore, many approaches3 ] 11 have been pro-
posed to reduce the required computer time by
avoiding the simulation of uninteresting interme-
diate states. These simplifications fall roughly into
three categories. Either they expand the free en-
ergy difference in a power series,6, 8 assume a
distribution for the interactions,3 ] 5, 7 or try to ex-
trapolate from a reference system in a single step
using the perturbation formula.10

Smith and van Gunsteren6 and Hummer and
Szabo8 both expanded the free energy difference
between two states in a Taylor series in the cou-
pling parameter l. Although the convergence of
higher order terms is slow, good results were
reported for changes F 0.25e in partial charges.
However, the method fails in the case of a particle
being created or deleted.

King and Barford4 estimated the electrostatic
free energy difference using linear response the-
ory. This is equivalent to assuming the electro-

static interaction energy between a solute and the
solvent to be Gaussian distributed. The results for
charging a solute molecule, ranging from a sodium
ion to acetic acid, were accurate within 8 kJrmol.

˚ 5This method was extended by Aqvist et al. to the
estimation of binding affinities. They assumed a
linear response for both the electrostatic and the
Lennard]Jones interactions and introduced a fit-
ting parameter to scale the contribution of the
Lennard]Jones interactions in order to obtain
agreement with the experiment. Carlson and
Jorgensen7 applied a similar method to the estima-
tion of hydration free energies. However, they
added an additional cavity formation term and
empirically scaled the terms for electrostatic and
Lennard]Jones interactions to obtain agreement
with the experiment within 6 kJrmol.

The need to introduce fitting parameters when
using linear response theory suggests that the un-
derlying assumptions do not hold. To assume that
a system responds linearly to changes in the
Hamiltonian is equivalent to assuming that the
change in the interactions is Gaussian distributed.
This approximation appears quite reasonable for
changes in a uniform dielectric such as was inves-
tigated by King and Barford.4 However, in cases
where changes in van der Waals interactions or
specific hydrogen bonding interactions dominate,
the approximation no longer holds. For example,
in the case of water this assumption is weak. The
Onsager theory12 also assumes a Gaussian distri-
bution when treating the solvent as a continuum
and fails for water for precisely this reason.13, 14

Liu et al.9 recently reported a method that uses
a single simulation at a judiciously chosen refer-
ence state and a single step extrapolation to esti-
mate the free energy difference. The method was
used to create and delete substituents on a phenol
ring and used a so-called soft-core interaction to
eliminate numerical instabilities. The results were
accurate within 4 kJrmol.

In this article we build on the work of Liu et al.9

by using this method to predict hydration free
energies for a range of solutes from a single simu-
lation of a reference state.

Method

Statistical mechanics identifies the free energy
Ž .of a system F as the thermodynamic potential of

the canonical ensemble F s yk T ln Z, where ZB
is the canonical partition function. The canonical
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partition function is an integral over the whole
Ž Nphase space i.e., all possible momenta p and

N .positions r :

Ž N N .1 HH r , p
N N Ž .Z s dr dp exp y , 1H3 N ž /k TN !h B

Ž N N .where HH r , p is the Hamiltonian of the system,
h is Plank’s constant, and N is the number of
particles.

To calculate the difference in free energy be-
tween two states A and B of a system the Hamil-
tonian of the system HH may be made a function of
an arbitrary coupling parameter l. Using TI the
free energy difference is evaluated as2

Ž . F llB
D F s F y F s dlHB A B A llA

HHlB Ž .s dl , 2H ¦ ;ll lA

where at l we recover state A and at l weA B
Ž .arrive at state B. The integration in eq. 2 can be

performed continuously while slowly changing the
coupling parameter l from l to l during theA B

simulation. However, this approach is problematic
because the system lags behind the changing
Hamiltonian.15, 16 A more controlled approach is to
simulate the system at a number of fixed l points

Ž .and to evaluate the integral 2 numerically. In this
way the convergence of the simulations at each l
point can be controlled and additional points
Ž .simulations added as required.

An alternative to TI is the so-called perturbation
formula,10 which is also based on the coupling
parameter approach. The perturbation formula

² yŽ HHByHHA.r k BT : Ž .D F s yk T ln e 3AB A B

estimates the free energy from the relative proba-
bility of the system in either of the two states and
is exact in the sense that it does not contain any
approximations. The ensemble average however
holds only in the thermodynamic limit. In finite
sampling the ensemble average only converges to
the appropriate answer if configurations in state A
are sampled that have a high probability in state

Ž .B. The end state B must therefore not be too
Ž .different from the reference state A .

REFERENCE STATE

Ž .To use eq. 3 in the calculation of hydration
free energies from a single simulation of a refer-
ence state it is necessary that the reference state is
relevant for the pure solvent, as well as for a
solvated molecule. When choosing the pure bulk

Žsolvent as the reference state as in Widom particle
17 .insertion the probability of finding large cavities

is minimal. By choosing a hard sphere cavity as
the reference state no configurations representing
the bulk solvent are sampled. A reference state
that is suitable for the extrapolation of hydration
free energies must be a compromise between the
two.

The reference state used in this work consisted
of a cavity with a soft-core interaction9 surrounded
by water. The soft-core interaction is a modified
Lennard]Jones interaction where the singularity

Ž .lim V r s ` is substituted by a core of finiter ª 0
height:

Ž . Ž . Ž Ž . .V r ; l, a s 1 y l V r ; 1 y l , aA

Ž . Ž .q l V r ; l, a , 4B

1
Ž .V r ; l, a sX 2 X 6al C q r126

C X
12 X Ž .= y C . 562 X 6ž /al C q r126

Here X indicates one of the two states A and B, a
controls the core height, C s C rC , and C s126 12 6 12
4«s 12 and C s 4«s 6 are the Lennard]Jones pa-6
rameters for the interaction between the cavity and
the water oxygen. Cavities with this potential en-
ergy function and a ) 0 will be referred to as
soft-core cavities. For a given value of l the parame-
ter a determines the core height at r s 0:

1 y l2a
Ž . Ž .V r s 0; l, a s 4« . 6X X 4 2ž /l a

The simulations of the reference states were per-
formed with l s 0.5 and different sets of C , C ,12 6

Ž .and a values see Table I . Four reference states
that differed only in the core height were simu-
lated. These will be referred to as C1]C4, where
C1 had a core height of 5, C2 of 7, C3 of 9, and C4
of 12.2 kJrmol, respectively. Core heights therefore
varied between 2 and 5 k T. The parameters de-B
scribing the reference states are given in Table I
and the corresponding potential energy functions
are shown in Figure 1. In a separate simulation a
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TABLE I.
Parameters for Interaction between Soft-Core Cavities and Oxygen Atoms of Water Molecules.

( )« s C C V 0; 0.5, a12 6
12 6( ) ( ) ( ) ( ) ( )Cavity kJrmol nm kJ nm rmol kJ nm rmol a kJrmol

y3C1 0.4 0.6 3.483 = 10 0.07465 1.70 5.09
y3C2 0.4 0.6 3.483 = 10 0.07465 1.51 6.99
y3C3 0.4 0.6 3.483 = 10 0.07465 1.368 9.00
y3C4 0.4 0.6 3.483 = 10 0.07465 1.21 12.20
y5 y 3C5 0.4 0.4 2.684 = 10 6.554 = 10 1.51 6.99

( ) ( )See eqs. 4 ] 6 .

Ž .smaller cavity s s 0.4 nm called C5 was also
studied.

The system consisted of a single soft-core cavity
Ž .mass s 12.011 amu in a cubic box containing

Ž .181542 simple point charge SPC water molecules
at a density of 0.988 grmL. The bonds and bond
angles of the SPC molecules were constrained us-
ing the SHAKE algorithm19 with a tolerance of
10y4 . To keep the system at a constant tempera-
ture of 300 K, a Berendsen thermostat20 was ap-
plied using a coupling time of 0.1 ps. For the
calculation of the nonbonded interactions a twin
range cutoff of 0.8 and 1.4 nm was used. Interac-
tions within the larger cutoff were updated every
five steps, while within the inner cutoff interac-
tions were updated every step. To correct for the
electrostatic interaction neglected beyond the cut-

Ž . 21off of 1.4 nm, a reaction field RF correction
with « s 54.0 was used. The time step was 2 fs.RF

Initially, cavities C1]C4 were simulated for 800
ps with configurations saved every 0.1 ps. These

FIGURE 1. Soft-core potential energy functions
( ) [ ( ) ( )] ( )V r ; l, a see eqs. 4 , 5 of the reference states: ???

( ) ( )C1 V r = 0; l = 0.5; a = 1.70 = 5.09 kJrmol, ]?] C2
( ) ( ) ( )V 0; 0.5, 1.51 = 6.99 kJrmol, - - - C3 V 0; 0.5, 1.368 =

( ) ( )9.00 kJrmol, and — C4 V 0; 0.5, 1.21 = 12.20
kJrmol.

simulations are indicated by C1 ]C4 . Later800ps 800ps
the two more promising reference states, C2 and
C3, were extended to 1500 ps, which are indicated
by C2 and C3 . As a final check on con-1500ps 1500ps

Ž .vergence a 10 ns trajectory C2 using the pa-10ns
rameters of cavity C2 was produced.

All the simulations were performed with the
GROMOS96 simulation package.22

EXTRAPOLATIONS

The extrapolations were performed using the
GROMOS96 program PROFEE. PROFEE reads a
trajectory of configurations and calculates the en-

Ž .ergy in the reference state A and in a specified
Ž .end state B . Because only the difference in en-

w Ž .xergy is required see eq. 3 , only the interactions
that change between the two states are calculated.
This greatly reduces the CPU time required to
estimate the change in free energy compared to the
simulation of the reference state.

Using the thermodynamic cycle shown in Fig-
ure 2, two extrapolations are required to calculate
the free energy difference between bulk water and
the hydrated solute. In the first extrapolation the

FIGURE 2. Thermodynamic cycle for calculating free
( )energies of hydration DF .hydr
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soft-core cavity is perturbed to a dummy cavity
that does not interact with the solvent. This gives
the free energy difference D F between the ref-dum
erence state and bulk water. In the second extrapo-

Ž .lation a ghost solute molecule of a given type is
added to the reference state. The ghost molecule
has no intermolecular but all intramolecular inter-

22 Ž .actions. The GROMOS96 force field code 43A1
was used for the solute molecules. The soft-core
cavity is perturbed to a dummy while the inter-
molecular interactions of the ghost solute with its
surroundings are switched on. This results in the
free energy difference between the reference state
and the hydrated solute D F . From Figure 2, it issol
clear that the free energy of hydration of the solute
is

Ž .D F s yD F q D F . 7hydr dum sol

Results and Discussion

CHOICE OF CORE HEIGHT

Reference State

Figure 3 shows radial distribution functions be-
tween the center of the cavity and the oxygen
atom of the water molecules for the four reference
states C1]C4, which only differ in the core height.

ŽFor the cavity with the highest core height C4, 12
.kJrmol the probability of finding a water molecule

inside the cavity is near zero and the radial distri-
bution function is very similar to that of a

FIGURE 3. Radial distribution function between the
center of the soft-core cavity and the oxygen atom of
solvent water molecules obtained from a 800 ps

( )simulation of the four reference states: ??? C1 ,800ps
( ) ( ) ( )]?] C2 , - - - C3 , and — C4 . See800ps 800ps 800ps
also the caption of Figure 1.

Lennard]Jones particle in water. With decreasing
Ž .core height going from C4 to C1 the probability

of water penetrating the cavity increases. For the
Ž .cavity with the lowest core height C1 the proba-

bility of water penetrating the cavity is roughly
60%.

Together with the increasing penetration of wa-
ter, a change in the radial distribution function is
observed. From simulation studies and analytical
calculations on hard sphere fluids23 it is known
that the shape of the radial distribution function is
primarily due to the repulsive part of the potential

Ž .energy function: with decreasing core height g r
is flattened. Nevertheless, some structure is main-
tained, because the slope of the soft-core interac-
tion between the minimum and the plateau region
is similar to the slope of a Lennard]Jones potential
energy function.

Figure 4 shows the distribution for the interac-
tion energy between the cavity and the solvent.
The only interaction is the van der Waals interac-
tion between the cavity center and the oxygen
atoms of the surrounding water molecules. The
distributions are broader for cavities C2 and C3
than for C1 and C4, which are the cavities with the
highest and lowest probability of water penetra-
tion, respectively. This indicates that as water pen-
etration progresses more into the cavity the sam-
pling of different energies at first increases, reaches

w Ž .a maximum with the cavity C2 V r s 0 f 7
xkJrmol , then decreases again as the reference

state becomes more similar to bulk water; 7 kJrmol
is approximately the average kinetic energy of a

ŽSPC water molecule three rotational and three

FIGURE 4. Distribution of Lennard]Jones interaction
energy E between the cavity and water obtained from a

( )800 ps simulation of the four reference cavities: ???
( ) ( ) ( )C1 , ]?] C2 , - - - C3 , and — C4 .800ps 800ps 800ps 800ps
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.translational degrees of freedom :

1² : Ž .E s 6 = k T f 7.5 kJrmol. 8kin B2

A broad energy distribution indicates that a
wide variety of configurations is sampled in the

Žtrajectory e.g., configurations in which the cavity
.is filled or unfilled . The probability of finding

configurations appropriate for the greatest number
of end states is therefore expected to be highest in
the case of cavity C2.

Free Energy of Hard-Core Cavity Formation

The first test of the extrapolation technique con-
sisted of reproducing the free energy of cavity
formation with the extrapolations. As shown in
Figure 2, two extrapolations are needed: the ex-
trapolation to a dummy atom in water and the
extrapolation to a cavity with a Lennard]Jones
interaction. This end state consists of an impene-

Ž .trable cavity a hard-core cavity in contrast to the
soft-core cavity that is the reference state. Because
all four soft-core cavities have the same Lennard]

Ž .Jones parameters Table I , the free energy of for-
mation of the hard-core cavity must be the same
for all four.

The free energy of forming a hard-core cavity
was also calculated by TI. Twenty l points were
used. At each point the system was equilibrated
for 10 ps and then averages were taken over the
following 20 ps. The calculation yielded D F TI scav
31.5 kJrmol. The results for the extrapolations are
summarized in Table II. As a measure of the relia-
bility of the extrapolations the sampling efficiency
introduced by Wood et al.24 was calculated. This
was an attempt by Wood and colleagues to give an
estimate of the error due to finite sampling in free
energy perturbation calculations by estimating to
what extent important parts of the energy distribu-

tion were sampled.24 The sampling efficiency Seff
is defined as

number of configurations with D EU F D FU

S s2 .eff number of configurations
Ž .9

ŽThe asterisks denote dimensionless energies di-
.vided by k T . For the ideal case of a symmetricB

distribution of energies around D EU s D FU , the
sampling efficiency is one. Because the sampling
efficiency is a probability, the values for the single
extrapolations were multiplied to give a value for
the reliability of the total free energy change
Ž .D F .cav

The free energy of cavity formation is well re-
produced by extrapolations from the soft-core cav-
ities C1 and C2 . The sampling efficiency800ps 800ps
can be used to judge how reliable these results are.
From Table II it is obvious that the reliability of
the extrapolation to the dummy atom decreases
with increasing core height and this trend is re-
versed for the extrapolation to the hard-core cav-
ity. Therefore, the extreme cases C1 and C4 ,800ps 800ps
which have the lowest and highest core heights,
respectively, fail in one of the extrapolations and
their overall sampling efficiency is low. The high-

w Ž .est overall S is found for C2 V r s 0 f 7eff 800ps

xkJrmol . From the sampling efficiency one could
conclude that the agreement between the results
from the extrapolations and the TI calculations for
C1 is simply fortuitous.

Another way to judge the convergence of the
extrapolations is by looking at the time evolution
of the free energy estimate. Figure 5 shows the
time evolution of the free energy for the extrapola-
tion to a dummy cavity in water. The four curves
look well converged. C1 , C2 , and C3800ps 800ps 800ps

Ž .show some steps e.g., C3 at 100 ps . C4800ps 800ps

TABLE II.
( )Free Energies of Cavity Formation for Hard-Core Cavity D F .cav

DF DF DFdum hcc cav
( ) ( ) ( )Cavity kJrmol S kJrmol S kJrmol Seff eff eff

y 3 y 3C1 y6.5 0.204 22.9 5.6 = 10 29.4 1.1 = 10800ps
y 3C2 y10.6 0.172 18.8 0.046 29.4 7.9 = 10800ps
y 3C3 y11.3 0.026 15.7 0.039 27.0 1.0 = 10800ps

y 3 y 4C4 y19.5 2.5 = 10 13.6 0.7 33.1 1.8 = 10800ps
TI 31.5

( )Shown are the results for the extrapolation from the four soft-core reference cavities C1]C4 to pure water DF and thedum
( ) ( )hard-core cavity DF and the sampling efficiencies S for both. TI, the result from thermodynamic integration.hcc ef f
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FIGURE 5. Time evolution of the free energy difference
DF between the soft-core cavity and a dummydum
obtained from a 800 ps simulation of the four reference

( ) ( ) ( )cavities: ??? C1 , ]?] C2 , - - - C3 ,800ps 800ps 800ps
( )and — C4 .800ps

appears very smooth with a single step. These
steps correspond to the sampling of configurations
that are very probable in the end state that sharply
lower the free energy. An absence of large steps
indicates that either the configurations sampled in
the reference state are not important for the end
state in which case the extrapolation converges to
a wrong result or all configurations have equally
high probability in the end state. The curves in
Figure 5 confirm the trend indicated by the sam-
pling efficiency for the extrapolation to a dummy
in water: with increasing core height the results
are less reliable. The equivalent of Figure 5 for the
extrapolation from the soft-core cavities to the
hard-core cavity looks much the same as Figure 5,
but the best sampling efficiency is for soft-core
cavity C4. However, we note that the sampling
efficiency S is just a rough guide at best. As witheff
all other such estimates it suffers from the fact that
if one has not sampled a representative and uncor-
related collection of configurations one cannot pre-

dict the effect of the configurations that have not
yet been sampled: all perturbation approaches suf-
fer from a lack of unambiguous convergence crite-
ria.

Free Energy of Soft-Core Cavity Formation

To have a more direct comparison between TI
calculations and the extrapolations, TI calculations
for the free energy of soft-core cavity formation
were performed. The results were compared to
those of the single extrapolation between the soft-
core reference state and a dummy cavity in water.
The TI calculations were initially performed using
20 equally spaced l points and the system was
equilibrated for 20 ps at each point with 50 ps
sampling. For the cavities C2, C3, and C4 addi-
tional l points were inserted at places where the

Ž .derivative of the free energy to l  Frl changed
rapidly.

In this calculation the four cavities will yield
different results. The accuracy of the extrapolation
is expected to increase with decreasing core height,
because the reference state becomes more similar
to pure water. The profile for the TI is shown in
Figure 6. The results are summarized and com-
pared to those of the extrapolations in Table III.
The trends that were anticipated are confirmed by
the data: the biggest discrepancy between extrapo-
lation and TI shows up for the cavities with a low

Ž .penetration of water C4 and C3 . The very low
error for C2 is fortuitous.

From the tests described above it is clear that
Ž . Ž .the cavities with the lowest C1 and highest C4

core height are not appropriate for our purposes.
Ž .The cavity C1 with a high probability of water

penetration fails in the extrapolation to a hydrated
solute. An overlap between the solute molecule
and one or more water molecules occurs in each
configuration. The cavity with the highest core

TABLE III.
( )Free Energy of Cavity Formation of Soft-Core Cavity D F Obtained by Extrapolation and Results fromscc

TI Calculations.

800 ps 1500 ps
TI ex trap extrapDF DF DDF DF DDFscc scc scc

( ) ( ) ( ) ( ) ( )Cavity kJrmol kJrmol kJrmol kJrmol kJrmol

C1 y5.6 y6.5 0.9 — —
C2 y10.9 y10.6 0.3 y10.8 0.1
C3 y13.9 y11.3 2.6 y11.6 2.3
C4 y16.8 y19.5 2.8 — —

VOL. 20, NO. 151610
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FIGURE 6. Multiple window thermodynamic integration
( TI ) ( )DF from the soft-core cavity l = 0.5 to pure waterdum
( ) ( ) ( ) ( ) ( )l = 1.0 : e C1, ^ C2, ` C3, and v C4.

Ž .height C4 is effectively equivalent to a hard-core
cavity and only rarely are configurations found
that are appropriate for pure water. In addition,
for a small hydrated solute few water molecules
are near enough to accurately represent the first
hydration shell.

HYDRATION FREE ENERGIES

Having established an appropriate range of core
heights, the simulations of cavities C2 and C3
were extended to 1500 ps. With these extended
trajectories, referred to as C2 and C3 ,1500ps 1500ps
respectively, hydration free energies of a wide
range of compounds were calculated. As shown in
Figure 2, an extrapolation from the reference state
Ž .soft-core cavity to the compound in the cavity is
necessary for each compound. The extrapolation
from the reference state to a dummy in water is

Žonly calculated once for each reference state cavi-
.ties C2 and C3 .1500ps 1500ps

Ž .The end states compounds consisted of hy-
Ž .drated methane CH , propane, butane, isobu-4

tane, pentane, cyclopentane, carbon tetrachloride
Ž . Ž . Ž .CCl , chloroform CHCl , water H O , metha-4 3 2
nol, and ethanol.

The results from the free energy extrapolations
are compared to data that were calculated using TI
rather than to experimental data in order to ad-
dress methodological rather than force field ques-
tions. Nevertheless, where available, the experi-
mental data are given. The results are summarized
in Tables IV]VI.

Convergence

In Table IV the results from trajectories of dif-
ferent length, C2 and C2 , are compared800ps 1500ps
with the hydration free energies from TI. While
some improvement is observed for methane,
propane, methanol, and ethanol, the results for all
other compounds are unchanged or less accurate.

Because there is no variational principle in the
perturbation formula it is hard to judge if the
amount of phase space sampled was sufficient.
Very rare favorable configurations can drastically
lower the free energy, even if the results seem

Žconverged according to the sampling efficiency or
number and height of jumps in D F as a function of

.simulation time . For this reason a 10 ns trajectory
for the reference state C2 was generated using a
different starting configuration and is therefore
statistically completely independent of C2 and800ps
C2 . The results are summarized under the1500ps

label C2 in Table IV. No clear trend emerges:10ns

TABLE IV.
( )Effect of Trajectory Length on Hydration Free Energies D F Extrapolated from Cavity C2.hydr

( )DF kJrmolhydr

Compound C2 C2 C2 TI Exp.800ps 1500ps 10ns

CH 6.7 7.2 7.5 8.0 8.374
Propane 7.2 9.4 7.7 9.0 8.18
Butane 9.9 10.6 9.1 7.7 8.70
Isobutane 10.4 10.4 6.9 10.5 9.70
Pentane 13.7 15.5 12.4 13.8 9.76
CHCl 3.2 3.3 1.8 y0.7 y4.463
H O y16.9 y16.8 y19.3 y24.3 y24.022
Methanol y4.3 y12.9 y9.9 y20.8 y21.40
Ethanol y4.1 y7.6 y4.5 y14.2 y20.98

TI, the thermodynamic integration results.
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TABLE V.
( ) ( extrap)Dipole Moment m and Extrapolated Hydration Free Energies D F of Solutes.hydr

( )DF kJrmolhydr

( )Compound m D C2 C3 C5 TI Exp.1500ps 1500ps 880ps

CH 0.0 7.2 5.1 7.2 8.0 8.374
Propane 0.0 9.4 7.0 9.9 9.0 8.18
Butane 0.0 10.6 7.8 39.5 7.7 8.70
Isobutane 0.0 10.4 6.7 28.7 10.5 9.70
Pentane 0.0 15.5 23.3 270.8 13.8 9.76
Cyclopentane 0.0 3.8 2.6 — 7.0 5.02
CCl 0.0 1.9 5.4 — 0.4 0.404
CHCl 1.097 3.3 0.7 34.4 y0.7 y4.463
H O 2.260 y16.8 y13.5 y15.2 y24.3 y24.022
Methanol 1.910 y12.9 y14.5 y9.6 y20.8 y21.40
Ethanol 1.788 y7.6 y7.4 y4.6 y14.2 y20.98

TI ( )For comparison the free energies DF calculated by thermodynamic integration TI are given.hydr

methane, butane, pentane, chloroform, and water
show improved estimates; propane, isobutane,
methanol, and ethanol are worse compared to the
TI results. Even with a 10 ns trajectory conver-
gence is not assured, but at least for the nonpolar
compounds the results lie within 4 kJrmol of the
exact TI values.

Core Height Dependence

Table V compares the results from the two ex-
tended trajectories C2 and C3 that differ1500ps 1500ps
only in the height of the core. For the compounds
methane, propane, and isobutane we have con-
verged results. For those compounds the results
for C3 , the cavity with the larger core height,1500ps
are consistently about 2 kJrmol lower than the TI
values. This can be explained by the poor perfor-
mance of C3 in the extrapolation toward pure1500ps
water, which is due to the low probability of

Žfinding water in the cavity C3 see earlier1500ps
.section . The extrapolated free energy differences

between the soft-core cavities and pure water are
Žvery similar for C2 and C3 y10.8 and1500ps 1500ps

.y11.6 kJrmol, respectively , and the free energy
of soft-core cavity formation of cavity C3 is1500ps
less negative than expected.

Because the free energy difference between the
reference cavity and the dummy cavity in water
need to be calculated only once, TI can be used to
determine the free energy of forming the soft-core
cavity without a significant loss of efficiency. Sub-

Ž .stituting the TI values from earlier section for the
mutation to pure water, the value for C2 is1500ps
hardly changed. For C3 the free energy of1500ps

forming the soft-core cavity obtained from TI
Ž TI .D F is approximately 2 kJrmol lower, therebydum
significantly improving the agreement of D F extrap

hydr
with the D F TI values. In Table VI the free energyhydr
for the extrapolation to pure water has been sub-
stituted by the more accurate TI results. Both cavi-
ties yield more comparable results. The correlation
between the hydration free energies obtained from
the extrapolation and from TI are shown in Fig-
ure 7.

Compounds

Apart from the dependence of the results on the
core heights, which could be largely eliminated by
substituting one extrapolation by TI as shown
above, the quality of the results differs widely for
the various compounds. From Table VI it can be
seen that for methane, propane, and isobutane, the

Žresults are highly accurate DD F - 1 kJrmol com-
.pared to TI . Results for butane and cyclopentane

Ž .are reasonable DD F - 3 kJrmol while for pen-
tane, carbon tetrachloride, water, methanol, and
ethanol the results are not within an acceptable

Ž .range DD F ) 3 kJrmol .
These numbers are subject to noise coming from

Ž .the limited convergence see earlier section . Nev-
ertheless, there is a ranking in the reliability of the
free energy estimates according to the number of

Žimportant configurations sampled i.e., the fre-
quency of major jumps lowering the free energy

.estimate . Bulky compounds that are large com-
pared to the size of the cavity have less reliable

Žfree energy estimates e.g., pentane, cyclopentane,
.carbon tetrachloride . Because of the frequently
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TABLE VI.
( )Hydration Free Energies of Solutes Using Extrapolation for Change from Soft-Core Cavity to Solute D Fsol

( ) ( )and Thermodynamic Integration TI for Change from Soft-Core Cavity to Pure Water D F .dum

( )DF kJrmolhydr

( )Compound m D C2 C3 TI Exp.1500ps 1500ps

CH 0.0 7.2 7.4 8.0 8.374
Propane 0.0 9.4 9.3 9.0 8.18
Butane 0.0 10.6 10.1 7.7 8.70
Isobutane 0.0 10.4 9.0 10.5 9.70
Pentane 0.0 15.5 25.6 13.8 9.76
Cyclopentane 0.0 3.9 4.9 7.0 5.02
CCl 0.0 2.0 7.7 0.4 0.404
CHCl 1.097 3.3 3.0 y0.7 y4.463
H O 2.260 y16.8 y11.2 y24.3 y24.022
Methanol 1.910 y12.9 y12.2 y20.8 y21.40
Ethanol 1.788 y7.6 y5.1 y14.2 y20.98

See also Figure 2. For comparison the free energies DF TI calculated using TI are also given.hydr

occurring Lennard]Jones overlaps between the so-
lute and solvent, only a few favorable configura-
tions are sampled.

The compounds that give the best results
Ž .methane, propane, and isobutane are all small,

. Žnonpolar, and rigid . The value for methane Fig.
.8 is well converged by 400 ps, that of propane by

600 ps, and that of butane and isobutane by about
1001 ps.

FIGURE 7. Correlation between the extrapolated
(hydration free energies DF with the differencehydr

)between water and the soft-core cavity calculated by TI
and free energies DF TI from full TI calculations. Shownhydr

( ) ( )are the results from simulations ` C2 and v1500ps
( ) ( )C3 see Table VI . — the ideal case of a one to1500ps

one correspondence between the extrapolation and TI
values.

Polar Compounds

Water, methanol, and ethanol are each small
enough to fit into the cavities. In addition, from
Figure 9 the estimated free energies appear reason-
ably converged. Nevertheless, the hydration free
energies are far from the TI results. This is due to
the hydrophobicity of the reference state. A polar
solute in a polarizable environment will induce
long-range order. There will be a correlation be-

FIGURE 8. Time evolution of the extrapolated free
energy difference between the soft-core reference cavity
( ) ( extrap)C2 and the hydrated solute DF for the nonpolarsol

( ) ( ) ( ) ( )solutes: ` methane, v propane, I butane, e
( ) ( ) ( )isobutane, ^ pentane, e cyclopentane, and )

carbon tetrachloride.
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FIGURE 9. Time evolution of the extrapolated free
energy difference between the soft-core reference cavity
( ) ( extrap)C2 and the hydrated solute DF for the polarsol

( ) ( ) ( ) ( )solutes: ` water, v methanol, I ethanol, and ^
chloroform.

tween the dipole of the solute and the dipoles of
the surrounding water molecules. Because the ref-
erence state is hydrophobic, there will not be any
dipole]dipole correlation and thus the end state
we extrapolate to is in this respect unphysical.

There is a low probability of sampling configu-
rations with a long-range order appropriate for a
hydrated polar solute. Such configurations will
drastically lower the free energy. For example, in
the extrapolation to water in the C2 reference10ns

simulation a single configuration lowered the free

energy estimate by 10 kJrmol and this is the
reason for the improvement shown in Table IV.
Polar solutes therefore suffer much more from
finite sampling errors than nonpolar solutes, re-
sulting in less reliable free energy estimates.

Internal Degrees of Freedom

Although the estimate for butane is well con-
verged, it does not reproduce the TI result. In the
extrapolations only a single configuration for each
solute molecule was used. Internal degrees of free-
dom were ignored. In the case of rather rigid
molecules like propane and isobutane this approx-
imation works well. In more flexible molecules,
specifically molecules with dihedral angle degrees
of freedom, such as butane, the approximation of
rigidity is too crude and the contribution of the
internal degrees of freedom to the free energy

Ž .must be considered see below .

CORRECTIONS FOR FLEXIBLE MOLECULES

Until now the internal energies of the solute
molecules were not included: in the exponential of

Ž .the perturbation formula eq. 3 the intramolecular
energy contributions to the Hamiltonians cancel if
we assume them to be the same in the gas phase
and the hydrated phase. However, the Hamilto-
nian of the reference state is implicitly present in

Ž .the ensemble average of eq. 3 :

² yŽ HHByHHA.r k BT : Ž .D F s yk T ln e 10AB A B

HH y HHB AN N Ž .dr dp exp y exp yHH rk TH A Bž /k TB Ž .s yk T ln . 11B
N N Ž .dr dp exp yHH rk TH A B

The simulation of the reference state uses the
Ž . Ž . ŽHamiltonian HH s KK cavity q KK water q VV cav-A

. Ž . Žity]water q VV water]water i.e., only the cavity
and water kinetic energy, the interactions between
the soft-core cavity and the solvent, and the inter-
actions between the solvent molecules are in-

.cluded . The reference state should in principle

Žalso incorporate the solute in the gas phase i.e.,
.intramolecular interactions within the solute .

To correct the reference state, the configurations
including the solute have to be sampled with the
probability eyHHref r k BT with

Ž .HH s HH q VV . 12ref A intra
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Here VV is the potential energy of the intramol-intra
Ž .ecular interactions. Using this in eq. 11 yields

HH y HH HH q VVB A A intraN Ndr dp exp y exp yH ž / ž /k T k TB B Ž .D F s yk T ln 13B A B
N N Ž Ž . .dr dp exp y HH q VV rk TH A intra B

² yŽ HHByHHA.r k BT yVV intra r k BT :e e A Ž .s yk T ln . 14B yVV r k Tintra B² :e A

Ž .Equation 14 can be understood as a form of
umbrella sampling,25 where the ensemble was bi-
ased by a function that exactly cancels the in-

Ž .tramolecular interactions VV . From eq. 14 it isintra
clear why, when using a single solute configura-
tion, one can ignore all internal interactions. The
intramolecular interaction VV is independent ofintra

Ž .the coordinates, and thus exp yVV rk T can beintra B
taken out of the ensemble averages in the nomina-

Ž .tor and denominator and cancel, giving eq. 11 .

Correction for Butane

The correction described above was used with
the extrapolation toward butane in the reference
cavity C2 . For each configuration in the tra-1500ps
jectory of the reference state 10 configurations of
butane with a random dihedral angle value were
inserted into the cavity and the free energy differ-

Ž .ence was calculated according to eq. 14 . Bond
angles and bond lengths of the butane molecule
were kept fixed.

The result for the extrapolation from the refer-
ence state cavity C2 to the hydrated butane is1500ps

dih Ž .D F butane s y1.2 kJrmol. This yields a hy-hydr

dration free energy of 9.4 kJrmol compared to the
uncorrected value of 10.6 kJrmol. This is certainly
a better estimate. An additional contribution may
also arise from the bond angle degrees of free-
dom. This was checked by making the bond angles
vary randomly by "5T around their equilibrium
value. The corrected free energy estimate is

dihqangŽ .D F butane s y1.3 kJrmol. This results inhydr

a slightly improved hydration free energy of 9.3
kJrmol. The contribution of the bond angle de-
grees of freedom seems to be negligible.

EFFECT OF CAVITY SIZE

It is obvious that the size of the cavity must be
comparable to or larger than the size of the solute.

The question arises as to what extent the results
depend on the size of the cavity. In a new simula-

Ž .tion the reference cavity C5 with the same values
for the a and l parameters as C2 except for s ,

Ž .which was decreased to 0.4 nm Table I , was
simulated. The trajectory had a length of 880 ps.
The radial distribution function of simulation

Ž .C5 not shown was very similar to the radial880ps

Ž .distribution function of simulation C2 Fig. 3 ,800ps
except that it was shifted to smaller distances. The
probability of finding water inside the cavity was
the same as for cavity C2 .800ps

In Table V the results for the hydration free
energies of C5 are given. As expected, extrap-880ps
olations involving the large solutes butane, isobu-
tane, pentane, and CHCl fail because of the3
smaller size of the reference cavity. For the smaller
solutes, however, the quality of the results does
not seem to strongly depend on the size of the
cavity and the smaller cavity does not significantly
improve the efficiency, except perhaps in the case
of methane. Looking at the structure of the radial
distribution function in Figure 3 it might be antici-
pated that the position of the first peak, which
depends on the cavity size, would influence the
efficiency of the approach for a given solute. Such
size dependence seems to be weak.

TIMING

The efficiency of the presented extrapolation
method stems from the drastic reduction in the
number of interactions that have to be calculated
during the extrapolation compared to a molecular
dynamics simulation. While all pair interactions
Ž .inside the cutoff have to be calculated in TI, only
the interactions that change between the reference
state and the extrapolated state are to be calcu-
lated in the extrapolations. The efficiency can be
further increased by restricting the calculation to
statistically independent configurations, thus re-
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ducing the number of configurations by 1]2 orders
of magnitude.

The method was benchmarked on a SGI O2
workstation with a R5000 processor at a 180-MHz
clock speed. Benchmark V of the official GRO-

ŽMOS96 benchmarks http:rrigc.ethz.chrgromosr
.benchmark.html is very similar to a typical sys-

tem used here as a reference state. For the 1728
water molecules 150 s are required to simulate 100
steps using the standard GROMOS96. To simulate
a 1.5 ns reference state with a time step of 2 fs this
results in approximately 312.5 h of CPU time.

The resulting trajectory can be reduced in size
by removing solvent molecules that are outside
the cutoff of the extrapolated solute. An extrapol-
ation using such a filtered trajectory in binary
format on the same SGI O2 workstation takes
approximately 0.5 h per compound. This has to be
compared with a standard TI using a system of the
same size as benchmark V. Using 25 l points
where at each l point the system is equilibrated
for 20 ps and averages are taken over another 50
ps, the overall simulated time amounts to 1.75 ns.
Assuming again a 2 fs time step this results in
approximately 365 h of CPU time per compound.

Conclusions

We described a method for estimating hydra-
tion free energies for small molecules from a single
simulation. The method is based on the perturba-

w Ž .xtion formula eq. 3 and uses so-called soft-core
w Ž .xinteractions eqs. 4, 5 as a dummy for the solute

molecule.
The core height for the soft-core interaction that

gave the best results was approximately 7 kJrmol,
which is roughly the average kinetic energy of a
rigid water molecule. The widest sampling was
achieved when the solvent molecules could on
average just penetrate the cavity.

We showed that for small, apolar, rigid solute
molecules the method is capable of yielding very
accurate hydration free energies with errors below
1 kJrmol. The treatment of flexible molecules can
be included by sampling the internal degrees of
freedom of the solute and correcting the averaging
for the introduced intramolecular interaction.
Statistics could be improved by additional sam-
pling of center of mass positions and orientations
of the solute molecules in the soft-core cavity. The
method was applied to the estimation of solvation
free energies in a highly polarizable environment:

water. We showed that using a 0.6 nm radius
cavity the insertion of up to five atoms in a single
step is possible. This cavity size was chosen simply
as a demonstration of principle. To accommodate
larger molecules a larger cavity would be required
that could also be of arbitrary shape. This means
that when applied to the modification of a refer-
ence molecule a very wide range of compounds
can be encompassed in the approximation. The
insertion of highly polar groups in a strongly po-

Ž .larizable medium using a nonpolar hydrophobic
reference state is problematic. However, it does
not represent any fundamental limitation of the
approach, only that there is a need to develop
alternative reference states that include configura-
tions with some preorganization of the environ-
ment. We note that the choice of reference state
Ž .with a broad range of configurations is of more
importance in obtaining good accuracy than ex-
tending the length of a simulation with a not very

Žappropriate reference state which extends the
.sampling of nonrelevant configurations . As with

particle insertion and all related approaches based
on the thermodynamic perturbation formula, the
method suffers from a lack of unambiguous con-
vergence criteria. Nevertheless, the gain in effi-
ciency over conventional free energy calculations
based on using TI or thermodynamic perturbation
with multiple intermediate states is potentially 2]3
orders of magnitude. Clearly this warrants both
further investigation of possible improvements for
polar solutes and application to systems of practi-
cal interest containing nonpolar solutes.
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